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Multivariate Normal Distribution
[5]

X = (X1, · · · ,Xd ) has a multinormal distribution if every linear
combination is normally distributed. The joint density has the form

p(x |m,K0) =
1√

(2π)d |K0|
exp

(
−1

2
(x −m)T K−1

0 (x −m)

)
where m ∈ Rd is the mean vector and K0 ∈ Md (R) is the (symmetric,
positive definite) covariance matrix.

Figure: Left: Multivariate Normal Distribution, Right: Non-Multivariate Normal
Distribution



Bayesian Linear Regression
[2], [7, Chapter 2.1]

Let x1, · · · , xn ∈ Rd and y1, · · · , yn be a set of observations (data). We
want to fit the linear model

f (x) = xT b and y = f (x) + ε, with ε ∼ N(0, σ2
n)

where b ∈ Rd denotes the parameter vector. Let X ∈ Md×n denote
the observation matrix.

Figure: The true parameters in this example are b = (1, 3) and σn = 0.5

We want to compute p(b|X , y) using the Bayes theorem

p(b|X , y) =
p(y |X ,b)p(b)

p(y |X )
∝ likelihood× prior



Prior Distribution
I Prior

b ∼ N(0,Σp), Σp ∈ Md (R)

Figure: Prior Distribution, for this example Σp =

(
2 1
1 2

)
.

I Likelihood

p(y |X ,b) =
n∏

i=1

p(yi |xi ,b) = N(X T b, σ2
n I)



Posterior Distribution Sampling
[9]

Figure: Posterior distribution of the b weight estimation using MCMC
sampling (PyMC3). Here we use 3 chains.

https://docs.pymc.io/


Posterior Distribution - Analytical Solution
[7, Chapter 2.1.1]

I Posterior

p(b|y ,X ) = N
(

b̄ =
1
σ2

n
A−1Xy ,A−1

)
, A = σ−2

n XX T + Σ−1
p

Figure: Posterior Distribution.



Predictive Distribution - Analytical Solution
[7, Chapter 2.1.1]

p(f∗|x∗,X , y) =

∫
p(f∗|x∗,b)p(b|X , y)db = N

(
1
σ2

n
xT
∗ A−1Xy , xT

∗ A−1x∗

)

Figure: Prediction Interval.



The Kernel Trick
[7, Chapter 2.1.2]

Let us consider a map φ : Rd −→ RN and the model

f (x) = φ(x)T b and y = f (x) + ε, with ε ∼ N(0, σ2
n).

It is easy to verify that the analysis for this model as analogous to the
standard linear model replacing X with Φ := φ(X ). Set φ∗ = φ(x∗),

p(f∗|x∗,X , y) =N


(1)︷ ︸︸ ︷

1
σ2

n
φT
∗A−1Φy , φT

∗A−1φ∗︸ ︷︷ ︸
(2)



(1) =φT
∗ΣpΦ(ΦT ΣpΦ + σ2

n I)−1y

(2) =φT
∗Σpφ∗ − φT

∗ΣpΦ(ΦT ΣpΦ + σ2
n I)−1ΦT Σpφ∗

This motivates the definition of the covariance function or kernel

k(x , x ′) := φ(x)T Σpφ(x ′)



Gaussian Process
[1, Chapter 21], [7, Chapter 2.2]

Main Idea
The specification of a covariance function implies a distribution over
functions.

Gaussian Process
I A Gaussian Process is a collection of random variables, any

finite number of which have a joint multinormal distribution.
I A Gaussian process f ∼ GP(m, k) is completely specified by its

mean function m(x) and covariance function k(x , x ′). Here
x ∈ X denotes a point on the index set X .

m(x) = E [f (x)] and k(x , x ′) = E [(f (x)−m(x))(f (x ′)−m(x ′))]

Example
The map f (x) = φ(x)T b (with prior b ∼ N(0,Σp)) defines a Gaussian
process with m(x) = 0 and k(x , x ′) = φ(x)T Σpφ(x ′).

Notation
Let K (X ,X ) denote the matrix of the point-wise kernel images.
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Linear Regression - Function Space View
[7, Chapter 2.2]

I Let us consider input points X∗ (test set).
I Prior

f∗ ∼ N(0,K (X∗,X∗))

Figure: We sample from the prior space of functions by plotting their
realization on n∗ = 80 points.



Linear Regression - Function Space View
[7, Chapter 2.2]

I Joint Distribution(
y
f∗

)
∼ N

(
0,
(

K (X ,X ) + σ2
n K (X ,X∗)

K (X∗,X ) K (X∗,X∗)

))
I Conditional Distribution f∗|X , y ,X∗ ∼ N(f̄∗, cov(f∗))

f̄∗ =K (X∗,X )(K (X ,X ) + σ2
n I)y

cov(f∗) =K (X∗,X∗)− K (X∗,X )(K (X ,X ) + σ2
n I)−1K (X ,X∗)



Kernel Examples
[8], [7, Chapter 4.2]

Symmetric and positive semi-definite functions k : X × X −→ R.
I Dot Product

kDOT (x , x ′) = (σ2
0 + xT Σpx ′)m

I Squared Exponential

kSE (x , x ′) = exp

(
− (x − x ′)2

2`2

)
I Rational Quadratic

kRQ(x , x ′) =

(
1 +

(x − x ′)2

2α`2

)−α
I Exp-Sine-Squared

kESS(x , x ′) = exp

(
−2
(

sin(π(x − x ′)/T )

`

)2
)



Example: Non-Linear Function
[4]

Figure: Non-Linear Example with n = 500 training points.



Prior Distribution

f ∼ N(0,K (X∗,X∗))

Figure: We sample from the prior space of functions by plotting their
realization on n∗ = 100 points.



Joint Distribution

(
y
f∗

)
∼ N

(
0,
(

K (X ,X ) + σ2
n K (X ,X∗)

K (X∗,X ) K (X∗,X∗)

))



Conditional Distribution

f∗|X , y ,X∗ ∼ N(f̄∗, cov(f∗))

Figure: Covariance matrix of the posterior (conditional) distribution.

f̄∗ =K (X∗,X )(K (X ,X ) + σ2
n I)y

cov(f∗) =K (X∗,X∗)− K (X∗,X )(K (X ,X ) + σ2
n I)−1K (X ,X∗)



Posterior Distribution

Figure: We sample from the posterior space of functions by plotting their
realization on n∗ = 100 points.



Hyperparameter Estimation
[7, Chapter 2.3, 5]

Figure: Samples from two gaussian processes with different scale
parameters (left: ` = 1 and right: ` = 0.001).

Methods
I Marginal Likelihood (θ = parameter vector)

log(p(y |X , θ)) = −1
2

yT (K + σ2
n I)−1y − 1

2
log |K + σ2

n I| − n
2

log(2π)

I Cross Validation



The Kernel Space
[8], [7, Chapter 4]

Let k1, k2 : X × X −→ R be two kernels, then the following are also
kernels
I k1 + k2

I k1 × k2

I k1 ∗ k2 (convolution)
If k : X1 ×X1 −→ R and h : X2 ×X2 −→ R are two kernels, then the
following are also kernels (on X1 ×X2)
I k1 ⊕ k2

I k1 ⊗ k2

Remark ([7, Chapter 4.3])

There is a rich theory of spectral theory for kernels by considering the
integral operator Tk : L2(X , µ) −→ L2(X , µ) (where (X , µ) is a finite
measure space and k ∈ L∞(X × X , µ× µ)).

(Tkφ)(x) =

∫
X

k(x , x ′)φ(x ′)dµ(x ′)



Example: Periodic Component I ([3])
[6, Section 1.7. Gaussian Processes]



Example: Add Linear Trend



Example: Add Periodic Component II



Computational Challenges

I Calculating the posterior mean and covariance matrix requires
O(n3) computations.

I A practical implementation of Gaussian process regression is
described in [7, Algorithm 2.1], where the Cholesky
decomposition is used instead of inverting the matrices directly.

I There are remarkable approximation methods for Gaussian
processes to speed up the computation ([1, Chapter 20.1])
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